Abstract. The Fong-Swan theorem showed that for each irreducible Brauer character j of a finite solvable group, there exists at least one ordinary irreducible character w that lifts j. Recently there has been some progress toward understanding the set of lifts of a given Brauer character, by constructing certain canonical sets of lifts and studying their properties. In this paper we develop the theory of lifts of Brauer characters that are induced from inductive pairs. This leads to a lower bound on the number of 'well-behaved' lifts of a given Brauer character in terms of the inductive pair. Moreover, it is shown that given a 'well-behaved' lift, the vertices for the lift (a generalization of the vertices of the corresponding Brauer character) are unique up to conjugacy.
Introduction
Let p be a prime and let G be a finite p-solvable group. The Fong-Swan theorem shows that if j is an irreducible Brauer character of G, then there necessarily exists an ordinary irreducible character w A IrrðGÞ such that w o ¼ j, where w o denotes the restriction of w to the p-regular elements of G. Now let p be a fixed set of primes. In [5] , Isaacs generalized the Fong-Swan theorem to the set I p ðGÞ of irreducible ppartial characters of a p-separable group G, and constructed a canonical set of lifts. If p ¼ p 0 , the complement of the prime p, then the set I p ðGÞ is exactly IBr p ðGÞ. In this paper we study the set of lifts of j A I p ðGÞ that behave well with respect to a normal subgroup N or a chain of normal subgroups of a solvable group G. For a fixed set of primes p and a fixed character j A I p ðGÞ, we say that w is a p-lift of j if w o ¼ j. Since the set p will be fixed throughout, we will usually drop the prefix p and say simply that w is a lift of j. When we are not being specific about which character in I p ðGÞ is being lifted, we say that w A IrrðGÞ is a lift if w o A I p ðGÞ. Given a particular character j A I p ðGÞ, not much is known about the set of lifts fw A IrrðGÞ j w o ¼ jg, where here w o denotes the restriction of w to the elements of G whose order is a p-number. In particular, there are two interesting questions that have yet to be answered. First, given a character j A I p ðGÞ, what can be said about the size of the set fw A IrrðGÞ j w o ¼ jg? In [1] , a lower bound for the size of this set was given in terms of a certain subgroup defined in terms of j, and, if jGj is odd and p ¼ p 0 , an upper bound was given in terms of the vertex subgroup of j. However, at this time it seems as though the goal of completely understanding the set of lifts is perhaps out of reach. Therefore, we narrow our focus to lifts that are well behaved with respect to normal subgroups, which leads to a second question: Given a character j A I p ðGÞ, where G is p-separable, how do the lifts of j behave with respect to normal subgroups of G?
For instance, it is known that if w is the canonical lift of j constructed by Isaacs in [5] , then the constituents of w N are lifts for every normal subgroup N of G. However, if w is an arbitrary lift of j, then the constituents of w N need not be lifts for a given normal subgroup N of G. Some progress was made on this problem in [2] in the case that G has odd order.
In this paper we study the set of lifts of j A I p ðGÞ that behave well with respect to a chain of normal subgroups of a solvable group G. We suppose that N is a chain of normal subgroups of G. The lifts of j that are well behaved with respect to N we call N-lifts of j. We also associate with N and j a character pair ðV ; gÞ which we call an inductive pair. We will give formal definitions of N-lifts and inductive pairs in Section 2. Our first main result gives a lower bound for the number of N-lifts of j in terms of an inductive pair for N. Theorem 1.1. Let G be a solvable group and p a set of primes, and assume that N is a chief series for G. Suppose that ðV ; gÞ is an inductive pair for N with associated ppartial character j. Then the number of N-lifts of j is bounded below by jV : V 0 j p 0 . Theorem 1.1 should be compared with [1, Theorem 1.1], which gives a lower bound on the set of lifts of j that does not account for behavior with respect to normal subgroups, and [8, Theorem 2], which gives a weaker lower bound in terms of self-stabilizing pairs. We also point out here that given a character j A I p ðGÞ, a pair ðV ; gÞ that satisfies the hypotheses of Theorem 1.1 is known to exist [8] .
Our second main result concerns vertex pairs associated with N-lifts. One wellknown result [7] is that to each irreducible p-partial character j of a p-separable group G is associated a unique (up to conjugacy) p 0 -subgroup of G called the vertex of j. Using the theory of p-special and p-factorable characters (see [4] ), one can define vertex pairs ðQ; dÞ for ordinary irreducible characters of a p-separable group G, where Q is a p 0 -subgroup of G and d A IrrðQÞ (see [12] ). We will define inductive vertices (which will be related to inductive pairs) in Section 4, and prove the following: Theorem 1.2. Suppose that G is a solvable group and N is a chief series of G, and let p be a set of primes. Let w A IrrðGÞ be an N-lift. We now put Theorem 1.2 into some context. For an irreducible Brauer character of a solvable group, it is easy to show that a vertex subgroup must exist, but it is dif-ficult to show that all such vertex subgroups must be conjugate (this was the di‰cult part of the proof of [7, Theorem B] ). For groups of odd order, it is easy to show the existence of vertex pairs, and again di‰cult (see [3] ) to show that di¤erent vertex pairs for a lift of a character in I p ðGÞ are conjugate. The above result is in the same spirit, showing that all inductive vertices of a lift w for a chief series N are conjugate.
Definitions and previous results
In this section, we discuss some definitions and some of the previous results that we will need. We assume that the reader is familiar with the basic properties of p-special and p-factorable characters of p-separable groups (see [4] or [10] for details).
If G is p-separable and j A I p ðGÞ, then it is known that there is a unique normal subgroup M of G maximal with the property that the constituents of j M have pdegree. If j does not have p-degree, then clearly M < G, and if y A I p ðMÞ is a constituent of j M , then it is known that G y < G; see [5] .
Definition 2.1. Suppose that w A IrrðGÞ is a lift and N p G. We say that w is an N-lift if some (and thus every) constituent of w N is a lift. If We now examine a way in which some ordinary irreducible characters are particularly well behaved with respect to a normal subgroup, or a chain of normal subgroups. Definition 2.2. Let G be a finite group, and let N p G. Let (1) If g V VN ¼ eh for some integer e and some character h A IrrðV V NÞ, where h N A IrrðNÞ, then we say that the pair ðV ; gÞ is compatible with N.
(2) Let N p G. We say that ðV ; gÞ is inductive for N if ðV ; gÞ is compatible with N and ðh N Þ o A I p ðNÞ. In the situation of Definition 2.2, since G ¼ N k A N, we know that g G ¼ w A IrrðGÞ. We say in this case that the character w A IrrðGÞ is associated with ðV ; gÞ, where ðV ; gÞ is compatible with N. If G is solvable and w A IrrðGÞ, then there always exists a compatible pair ðV ; gÞ such that w is associated to g. One such pair is the self-stabilizing pair developed by the second author in [9] . We will not formally define self-stabilizing pairs here. We will say that a self-stabilizing pair for w can be constructed by looking at the stabilizer U of a 'chain' of characters of the subgroups N i lying under w. Using Cli¤ord correspondences, one can show that there is a uniquely determined character t A IrrðUÞ that induces w, and one shows that ðU; tÞ is the self-stabilizing pair for w (for full details consult [9] ). It is shown in [9] the pair ðU; tÞ is uniquely defined up to conjugacy in G by w and N. While the self-stabilizing pairs are unique up to conjugacy, there is no such condition on compatible pairs.
If ðV ; gÞ is an inductive pair for N, since G A N, we see that ðV ; gÞ is inductive for G, so w o A I p ðGÞ, and w A IrrðGÞ is a lift. We say that ðV ; gÞ is associated with w and w o . If N is a term of N, then ðV ; gÞ is inductive for N. Hence, if h A IrrðV V NÞ and e is a positive integer so that g V VN ¼ eh, then y ¼ h N A IrrðNÞ is a lift. Now, y will be a constituent of w N . We conclude that w is an N-lift.
Hence, each inductive pair gives rise to a particular N-lift. In [8] , it was shown that w is an N-lift if and only if the self-stabilizing pair for w is an inductive pair (this is not di‰cult to see from the construction of the self-stabilizing pair). Hence, every N-lift is associated with some inductive pair. However, an N-lift may be associated with many (nonconjugate) inductive pairs that are not self-stabilizing pairs. Since every character in B p ðGÞ (see [5] ) is an N-lift, if j A I p ðGÞ, then j will have an N-lift and hence be associated with some inductive pair.
Note that by the definition of inductive pairs and [10, Theorem 21.7] , if ðV ; gÞ is an inductive pair for the p-chain N, then g is factorable.
A lower bound
In this section we will prove a slightly more general version of Theorem 1.1. We first define nilpotent p-chains.
Note that if G is solvable and N is a chief series for G, then N is necessarily a nilpotent p-chain. Also, if a Hall p-subgroup of G is nilpotent, then every p-chain is a nilpotent p-chain. Finally, note that even though every p-chain is necessarily a p 0 -chain, not every nilpotent p-chain is a nilpotent p 0 -chain. 
(b) V J G y and ðV ; aÞ is inductive for N y , with ða G y Þ o ¼ j 1 , where j 1 A I p ðG y jyÞ is the Cli¤ord correspondent for j lying over y.
Proof. To prove part (a), we note that if N ¼ N i A N and K ¼ N iÀ1 A N are such that N=K is a p-group, then N y =K y is a factor of N y with p-order, and N y =K y is isomorphic to the nilpotent group KN y =K.
To Proof.
induces to j, and b i is linear and p 0 -special, then
We assume that G is a minimal counter-example, and we first reduce to the case that j has p-degree. Suppose, then, that j does not have p-degree, and let M A N be maximal such that the constituents of Define
, and we are done. Therefore we may assume to get a contradiction that x 1 0 x 2 . Note that
Thus we may assume that G=N is a p-group. Therefore we may assume that VN < G. Let K J G be a maximal subgroup of G containing VN. Note that since G=N is nilpotent, we have K p G. 
We have not been able to determine whether the hypothesis that N is a p-nilpotent chain is really necessary, or whether merely assuming that N is a p-chain is su‰cient. The nilpotence assumption was only used in the last step of the above proof, to prove the case where G=N is a p-group and VN < G.
The following corollary includes Theorem 1.1.
Corollary 3.4. Let p be a set of primes and let G be a p-separable group with a nilpotent p-chain N. Suppose that ðV ; gÞ is an inductive pair for N with associated character j A I p ðGÞ. Then the number of N-lifts of j is bounded below by jV : V 0 j p 0 .
Proof. Since ðV ; gÞ is inductive, then g V VN is homogeneous for every subgroup N A N, and therefore g is factorable by [ G is an injection from the linear p 0 -special characters of V into IrrðGÞ, and since ðV ; aÞ is an inductive pair, then the image of this map is contained in the set of N-lifts of j. r
Uniqueness of vertices
In this section we prove our second main result, concerning the uniqueness of the vertex pairs that arise from inductive pairs. We begin with a brief discussion of vertices. Let G be a p-separable group and j A I p ðGÞ. Isaacs and Navarro have shown in [7] how to canonically associate to j a pair ðU; cÞ, where U J G and c A I p ðUÞ has pdegree and c G ¼ j. For a given j A I p ðGÞ, it is easy to see based on the construction that all of the pairs associated to j constructed in this canonical manner are conjugate. Therefore, if Q 1 and Q 2 are Hall p 0 -subgroups of U 1 and U 2 , where ðU 1 ; c 1 Þ and ðU 2 ; c 2 Þ are canonical pairs associated to j, then Q 1 and Q 2 must be conjugate.
However, given a character j A I p ðGÞ, there could certainly be pairs ðV ; xÞ, where V J G and x A I p ðV Þ has p-degree, such that x G ¼ j that are not conjugate to the canonically constructed pairs discussed above. It is shown in [7] that if R is a Hall p 0 -subgroup of V , then R is in fact conjugate to Q, where Q is a Hall p 0 -subgroup of one of the canonically defined subgroups discussed in the previous paragraph. Thus if we define a vertex subgroup of j to be any Hall p 0 -subgroup of any pair ðU; cÞ such that U J G and c A I p ðUÞ has p-degree with c G ¼ j, then all of the vertex subgroups of j are conjugate, and the definition is unambiguous.
Similarly, given a character w A IrrðGÞ, one can canonically construct (see [12] ) a pair ðU; abÞ, called the normal nucleus of w, where U J G and ab is a p-factored character of U with p-special factor a and p 0 -special factor b, such that ab induces to w. The Navarro vertex of w is then defined to be the pair ðQ; dÞ, where Q is a Hall p 0 -subgroup of U and d ¼ b Q . Again, given w A IrrðGÞ, there could be many pairs ðQ; dÞ that do not come from normal nuclei, yet with the property that Q is a Hall p 0 -subgroup of some subgroup U with a factored character ab A IrrðUÞ that induces w and b Q ¼ d. If w is a lift of an irreducible p-partial character j in a group of odd order, however, it is shown in [3] that all such vertex pairs associated to w are conjugate to the canonically constructed Navarro vertices. (This conclusion does not hold if we remove either the odd order hypothesis or the hypothesis that w is a lift.)
Recall that if ðV ; gÞ is an inductive pair for the p-chain N, then g is factorable. In addition, we know by [8, Corollary 3.2] that g has a linear p 0 -special factor. Since this last statement is the key to our argument, we give a brief outline due to the referee of its proof (which is di¤erent than the proof of [8, Corollary 3.2] ). We first note that if j A I p ðGÞ restricts homogeneously to every N A N where N is a p-chain, then j must have p-degree. This follows since if M A N where N=M has p 0 -order, and m A I p ðMÞ is the constituent of j M , then m N has a unique irreducible constituent which is an extension of m. Hence, the only contributions to jð1Þ will occur with p-factors, and thus jð1Þ is a p-number. Let b be the p 0 -special factor of g. Since ðV ; gÞ is an inductive pair for N, then b o A I p ðV Þ, and ðb o Þ V VN is homogeneous for each N A N. Thus, b must have p-degree, and since b is p 0 -special, b is linear.
Definition 4.1. Let G be a p-separable group and N a p-chain for G. Let ðV ; abÞ be an inductive pair for w where a is p-special and b is p 0 -special. If Q is a Hall p 0 -subgroup of V and d ¼ b Q , we say that the pair ðQ; dÞ is an inductive vertex for w with respect to the chain N.
Note that since there is no canonical construction of an inductive pair, then the set of inductive pairs for a given character w A IrrðGÞ need not be conjugate ( 
If w A IrrðGÞ is a p-factorable character, we will let w p denote the p-special factor of w, and we similarly define w p 0 . Notice that the following lemma does not require the p-chain N to be a nilpotent p-chain. Lemma 4.3. Suppose that G is a p-separable group and N a p-chain of G, and let ðV ; abÞ be an inductive pair for N with associated character w A IrrðGÞ where a is p-special and b is p 0 -special. Suppose that N A N and that the constituents of w N are factorable. Then jVN : V j is a p-number.
Proof. We prove the lemma by induction on jNj. If jNj ¼ 1 the result is clear and thus we may assume N > 1. Thus there exists a subgroup M A N such that N=M is either a p-group or a p 0 -group. Suppose that N=M is a p-group. Note that the constituents of w M are factorable, and thus by induction, we see that jVM : V j is a p-number. Since
Therefore we may assume that N=M is a p 0 -group. If VN ¼ VM, then by induction, jVN : V j ¼ jVM : V j is a p-number, and thus we may assume VN > VM and derive a contradiction. Note that in this case jVN : VMj ¼ jN : N V VMj is a nontrivial p 0 -number. Since ðV ; abÞ is an inductive pair for N, then by the comments immediately preceding Definition 4.1, we know b must be linear. Therefore ðabÞ V VN ¼ ehb V VN for some positive integer e and p-special character h A IrrðV V NÞ. Similarly
for some positive integer f and p-special character g A IrrðV V MÞ. We define y ¼ ðhðb V VN ÞÞ N and c ¼ ðgðb V VM ÞÞ M , and note that since ðV ; abÞ is inductive, y A IrrðNÞ and c A IrrðMÞ are both lifts. Note also that c and y both lie under w, and thus are factorable.
Since The following technical result requires N to be a nilpotent p-chain, but only in order to apply Theorem 3.3. We will need Isaacs' sign character, defined in [6] .
Lemma 4.4. Suppose that G is p-separable with a nilpotent p-chain N. Suppose that ðV ; abÞ is an inductive pair for N with associated character w A IrrðGÞ, where a is pspecial and b is p 0 -special. Suppose that w is factorable and that jG : V j is a p-number. Proof. Since V has p-index in G, and ab has p-degree, then w ¼ ðabÞ G has p-degree. 
where X is a character of V . Note that adðw p 0 Þ V induces irreducibly to w. Also, since ðV ; abÞ is an inductive pair with respect to the chain N, then ðV ; aÞ is an inductive pair with respect to the chain N, and thus ðV ; adðw p 0 Þ V Þ is an inductive pair with respect to N. Theorem 3.3 applied to w ¼ ðabÞ
We digress briefly to discuss chain nuclei. If G is a p-separable group with a (not necessarily nilpotent) p-chain N, and if w A IrrðGÞ, one can define the chain nucleus for w for the chain N as follows: let M A N be the unique normal subgroup of N maximal with the property that the constituents of w M are factorable (of course, if w is factorable, then G ¼ M and in this case we define the chain nucleus of w to be the pair ðG; wÞ). If M < G, then the standard argument shows that if y A IrrðMÞ is any constituent of w M , then G y < G. Define the chain N y to be the chain in G y obtained by intersecting each subgroup in N with G y , and if c A IrrðG y jyÞ is the Cli¤ord correspondent for w, define the chain nucleus for w to be the chain nucleus for c with respect to the chain N y . It is easy to see then that the chain nucleus for w is a pair ðW ; mnÞ, where mn A IrrðW Þ is factorable and induces irreducibly to w. Moreover, the pair ðW ; mnÞ is uniquely determined by w and N up to conjugacy, so that all of the chain nuclei for w with respect to the chain N are conjugate.
Lemma 4.5. Let G be a p-separable group with a nilpotent p-chain N. Let w A IrrðGÞ and suppose that ðV ; abÞ is an inductive pair for w, with a p-special and b p 0 -special. Then there exists a chain nucleus ðW ; mnÞ for w with respect to N, with m A IrrðW Þ pspecial and n A IrrðW Þ p 0 -special such that (a) V J W with jW : V j a p-number, and
Proof. Let N A N be maximal such that the constituents of w N are factorable. Assume N < G, and let a V VN ¼ eh, where e is a positive integer, and define y A IrrðNÞ by y ¼ ðhb V VN Þ N . Note that y lies under w and that y is invariant in V , thus V J G y . Since V V M ¼ V V M y for any subgroup M A N, then it is clear that ðV ; abÞ is an inductive pair for the Cli¤ord correspondent c A IrrðG y jyÞ with respect to the chain N y ¼ fM V G y j M A Ng. Since G y < G in this case, the inductive hypothesis implies that there is a chain nucleus for c satisfying the conclusions, and since every chain nucleus for c is a chain nucleus for w, then we are done in this case. Now we may assume that N ¼ G, and therefore that w is factorable. Let ðW ; mnÞ ¼ ðG; wÞ. Then Lemma 4.3 (applied to N ¼ G) implies that jG : V j is a pnumber, and therefore we are done by Lemma 4.4. r We point out that Lemma 4.5 is also true if the chain nucleus is replaced with a self-stabilizing pair.
Proof of Theorem 4.2. Suppose that 2 A p. Let ðV ; abÞ be an inductive pair for w A IrrðGÞ with respect to N. Lemma 4.5 implies that there is a p-chain nucleus ðW ; mnÞ for w with respect to N such that V J W with jW : V j a p-number, and such that n V ¼ b. Thus n Q ¼ b Q for any Hall p 0 -subgroup Q of V , and since jW : V j is a p-number, Q is a Hall p-subgroup of W . Thus each inductive vertex associated to w and N is conjugate to a vertex obtained from a chain nucleus for w and N. Since all of the chain nuclei for w and N are conjugate, then we are done in this case. Now suppose 2 B p. By Lemma 4.5, for i ¼ 1; 2, we see that V i is contained in W i with jW i : V i j a p-number, where ðW i ; m i n i Þ is a chain nucleus for w and N and 
